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A Flow Approach to Bankruptcy Problems
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Abstract In this note we represent a classical bankruptcy problem as a stditmanoroblem
on a simple network and implement some known division rules from thkrbptcy literature
via suitable cost functions in the related minimum cost flow problem.
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1. Introduction

A classical bankruptcy problem arises from a situation wiseme agents have claims
on the available estate to be divided among them such thhtagent may receive a
nonnegative amount that cannot exceed his or her claim.r&eadigision rules have
been introduced to solve the classical bankruptcy problechsome extensions or
generalizations of it. There is a huge literature on banksuproblems and related
division rules. Here we mention the papers by O’Neill (1982)mann and Maschler
(1985), Curiel, Maschler and Tijs (1987), Young (1987, 1L208), Kaminski (2000),
Borm, Hamers and Hendrickx (2001), Herrero and Villar (208id Thomson (2003).
The area of applications of bankruptcy problems is impve$glarge, including differ-
ent real life problems for which a bankruptcy-like approhels been proved beneficial.

In this note we represent the classical bankruptcy probeemsiandard flow prob-
lem where each feasible monetary flow corresponds then tesgihge solution of the
bankruptcy problem.

A standard flow problem arises from a flow situation which isleled as a network
with two special nodes, the source and the sink, and on whosdlgere are capacity
restrictions. In the case of a standard flow problem the narest is in a maximal
flow through the network from source to sink. A min cost flowlgeom arises from a
standard flow situation where on each of the arcs there issatsxst function besides
the capacity restrictions and each node has a demand or b.stpp min cost flow
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problem the main interest is a cheapest flow through the nktwatisfying both the
capacity constraints on the arcs and the demand or suppheafddes. To get insight
into the question how a min cost flow problem can be solved \ier the reader to
Ahuja et al. (1993).

By defining a suitable min cost flow problem to represent a havky problem
we can drive the solution of a standard flow problem towardaréiqular solution of
the related bankruptcy problem. We provide different castfions associated to the
minimum cost flow problem such that the solutions coincidénwie most well known
solutions for bankruptcy problems.

The outline of this note is as follows. In Section 2 we introelthe representation
of a classical bankruptcy problem as a standard flow probledhimplement some
division rules from the bankruptcy literature via relatethroost flow problems. We
conclude in Section 3.

2. Bankruptcy rules via min cost flow problems

A classical (one-claim) bankruptcy problem arises fromtaagion where an estate

has to be divided among several claimants, each of them wathia on the estate,

and the total claim exceeds the available estate. ThH séiclaimants is of the form

{1,2,...,n}. Each claimani € N advances one clailm on the estat&. A bankruptcy

problem is an ordered tripl¢N, E, c) whereE € R, ,c€ Rl andE < ¢y +C+...+Cn.
A solution of a bankruptcy problem is a vecto (x1,Xz, ..., Xn) such that:

0<x <c¢, foreachieN,

n
i;Xi =E,

wherex; can be interpreted as the part of the esktssigned to claimant In this
section we represent a classical bankruptcy problem asdasthflow problem.

Figure 1. Standard flow problem

0/2

0/1

In a standard flow problem there is a network with two speaciales, the source and
the sink, the first with no entering arcs and the latter wittmugoing arcs. The arcs
have minimal and maximal capacity constraints. A flow is acfiom that assigns a
nonnegative real value to each arc, respecting the capamistraints and such that for
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each node different from the source and the sink the sum ofathies for the entering
arcs equals the sum of the values for the outgoing arcs. €&igjwhows a graphical
representation of a standard flow problem, wheeandt are respectively the source
and the sink and the notati@jb on the arcs stands fonin capacity/max capacity

A classical bankruptcy problem can be easily representedsgandard flow prob-
lem by constructing a network like in Figure 2.

Figure 2. Classical bancruptcy problem

O/Cl
O/Cn

Here the source of the monetary flow corresponds to the bphkgent or company
and the sink corresponds to the group of claimants, eache&ing bssociated to one of
the arcs entering the sink. An immediate advantage of sueprasentation is that each
feasible monetary flow corresponds to a solution of the hastky problem(N, E,c).
The simplicity of the resulting network problem allows usianage also complex and
sophisticated solutions.

Further, we relate a pair consisting of a classical banksuptoblem(N, E, c) and
a division rulef to a min cost flow problem.

A division rule is a functionf which assigns to any bankruptcy probl¢hh E, c) a
vector f(N,E,c) € R" that is a solution of the bankruptcy problem. Well known divi
sion rules which we use in this note are: the proportiona @ROBP), the constrained
equal award ruleGQEA), the constrained equal loss rulegL), the Talmudic ruleTAL)
and the adjusted proportional rule#ROB.

We start by briefly describing these rules:

(i) Thei-th coordinate oPRORN, E, c) is given by

PROR(N,E,c) = ( ch,»)*lciE, icN.
IE

(i) Thei-th coordinate oCEAN,E,c) is given by
CEA(N,E,c) =min{c,a}, i €N,
wherea is the unique real number such thgLy CEA(N,E,c) =E.
(iii) Thei-th coordinate o€EL(N, E,c) is given by
CEL(N,E,c) =max{ci—B,0},i €N,

wheref is the unique real number such thgty CEL (N, E,c) = E.
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(iv) Thei-th coordinate off AL(N,E, c) is given by

CEA (N,E,$) if E < 35jenC
TAL(N’E70): 7i€Na

—CEA(N,E',§) ifE> 33 enCi

whereE’ = 5 jcnCj —E.
(v) Thei-th coordinate oAPRORN, E, c) is given by
APROR(N,E,c) = m(N,E,c)+PROR(N,E’,c), i €N,

wherem (N, E,c) = max{O E— ZJE,\,\{,}CJ} is the minimal right of claimant
ieN,E'=E—yenm; andg = min{E’,ci —my(N,E,c)}, i € N.

The main aim of this note is to show that various division sui@m the bankruptcy
literature can be “implemented” via suitable cost funcsiari the corresponding min
cost flow problem. Moreover, different priorities or righié the claimants may be
tackled using suitable cost functions on the arcs.

We start with a general description of a natural procedureoltaining the cost
functions of a min cost flow problem such that the generatkdisa coincides with the
solution obtained by using a specific division rule from tlaakruptcy literature. Our
procedure is based on the fact that it is possible, by asgigguitable cost functions
ki,ko, ...,kn ON the arcs, to drive the flow in a min cost flow problem towamastons
arising from specific bankruptcy rules. The inspirationrsethas been the hydraulic
model of Kaminski (2000), where the potential induced by ghavity force allows
water to suitably fill the vessels whose form and configuratiepend on the specific
division rule. In our min cost flow situation the task of dirid the estate according to
a given bankruptcy rule is fulfilled by endowing the arcs @& tretwork with the right
cost functions.

Given claimscy,...,Cq, for eachE € [0,5icnCi] let a bankruptcy rule assign
ri(E), ...,rn(E) to the claimants. Then a Lagrangian analysis implies thabave to
take the cost functionls, ko, ..., k, such that

ki(ri(E)) = ky(rn(E))

for eachi € N and eaclk € [0, YN G-

Lets=rn(E); thenr;(E) = ri(ry(s)) = pi(s) and, consequentlid (pi(s)) = K,(s),
i =1,..,n—1. Now, assuming that(s) # 0 for eachi € N, we obtain for each the
relation

Kp. p.() L C)
/k; S) ds= /k,’ ds/ ds_O mdu,

whereu = pi(s). Note that these integrals relate the various cost funstion
Based on the above described procedure we have Theorem 1.
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Theorem 1. Let(N, E, c) be a classical bankruptcy problem. The division rules PROP,
CEA, CEL, TAL and APROP can be implemented via a min cost flollgm.

Proof. We only give for each rule a set of suitable cost functionsctvihave been
obtained by applying the procedure described in this sectio

X2
() PROR ki(x) = ?I-’ i eN.
(|
(i) CEA ki(x)=x?,icN.
(i) CEL ki(x)=(c—x)? i€N.
(iv) For the Talmudic rule we can distinguish among the tweesk < %XieN ¢ and
E > %zie,\, ¢. In the first case we have

TAL ki(x) =x2, i €N,

setting the minimal capacity to 0 and the maximal capacityhefarcs corre-
sponding to the claimants %ri instead oft;,i € N.
In the second case we have

TAL ki(x) = (¢ —x)? i €N,

setting the minimal capacity of the arcs corresponding eodlimants to%ci
instead of 0 and the maximal capacitydoi € N.

0 if x <m
(v) APROR k;(x;) :{ (% —m)?
d

. ,1€N. O
if X >m

Example 1. Consider the bankruptcy problem with=N{1,2};E = 10;c = (4,12).
The flow problems associated to the above five rules are @ekiictigure 3 (the nota-
tions for the arcs are “min capacity/max capacity” above tire and “cost function”
below the arc). The cost functions used for the rule APROP are

0 ifx; <0 0 if Xxo <6
ki(x1) = 2 ka(x2) = —6)2
10a) le o el @ if X, > 6

3. Concluding remarks

In this note we focus on the connection between (one-claamkiuptcy problems
and flow problems. Here we go more deeply into this intergstonnection than we
did previously (Branzei, Ferrari, Fragnelli and Tijs, 200Z he connection between
a classical bankruptcy problem and a flow problem can be dgteiby considering
more complicated settings from the bankruptcy literatuhdulti-claim bankruptcy
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Figure 3. Flow problems associated to the division rules

0/4 0/4
X x2
10/10 2 ¢ s | 1010 ¢
0/12 0/12
PROP: x* = (2.5,7.5) CEA: x" = (4,6)
0/4
10/10 (4—x)? t
0/12
(12— xp)?
CEL:x"=(1,9)
2/4 0/4
(4—x1)? ki(x1)
s | 10710 i s | 1010 )
6/12 0/12
(12— xp)? ka(x2)
TAL: x* =(2,8) APROP: x* = (2,8)

problems (cf. Kaminski, 2000) are particularly interegtimecause different seniori-
ties of the claimants and the application of the absoluteripyirule (or violations of
this rule) play a key role in the flow representation of suabbpgms leading to more
sophisticated networks. Furthermore, the recent devedopsrin the theory of inter-
val bankruptcy rules (cf. Branzei and Alparslaik; 2008; Branzei and Dall'Aglio,
2008; Branzei, Dall’Aglio and Tijs, 2008) provide incergi/for extending our connec-
tion between classical bankruptcy problems and flow problaninterval bankruptcy
problems (cf. Branzei, Dimitrov and Tijs, 2003; Branzei gkigarslan Gk, 2008).

The representation of a bankruptcy problem as a standargfiailem can be also
helpful for generating solutions for extensions and/oregalizations of the classical
bankruptcy problems arising from various economic situeti In particular, the flow
approach may be useful for managing more complex situationich the bankrupt
firm faces its creditors by taking into account its debtonsthiese situations other arcs,
each related to a debtor, may be added among the source asettived node.

We have shown that by a particular choice of the cost funstinra min cost flow
problem one can obtain the solution corresponding to a p@ell known rule from
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the bankruptcy literature. Nevertheless, the metaphorminacost flow problem can
be helpful to “generate” new rules for rationing problemsaadl and for managing
situations in which the claimant agents have differentnirés or particular rights on
the existing estate. The first case may be managed usinguwudtdns that assign
lower costs for higher priorities while for the second caseiigable minimal capacity
may be used for representing the rights of the agents.
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